We classify the transcendental lattices of all K3 surfaces covering an Enriques surface. In order to do so, we classify all genera of positive definite lattices that only contain lattices with a vector of square 1.
Introduction
All algebraic varieties in this paper are defined over C. All statements in this paper are valid under the following conjecture:
if L is a positive definite lattice of rank 2 (resp. 3) such that each lattice in the same genus as L contains a vector of square 1, then det L ≤ 1848 (resp. det L ≤ 1200).
For more details on this conjecture, see §2.5 and Remark 3.13.
1.1. Principal results. A smooth proper algebraic surface X such that H 1 (X, O) = 0 is called a K3 surface if its canonical bundle K is trivial and it is called an Enriques surface if K is not trivial, but K ⊗2 is. The cohomology group H 2 (X, Z) of a K3 surface X, together with the Poincaré pairing, is a lattice of rank 22 in the sense of §2. It contains the Néron-Severi lattice, defined as the image S of the map H 1 (X, O * ) → H 2 (X, Z) coming from the exponential sheaf sequence. The transcendental lattice of X is the orthogonal complement T = S ⊥ ⊂ H 2 (X, Z).
The aim of this paper is to classify K3 surfaces covering an Enriques surface according to their transcendental lattice. Our starting point is the following criterion by Keum. We denote Λ − = U ⊕ U (2) ⊕ E 8 (−2). (Keum proved the theorem under an additional assumption which is actually superfluous, see [14] .) Theorem 1.1 (Keum's criterion [5] ). A K3 surface X with transcendental lattice T covers an Enriques surface if and only if there exists a primitive embedding T ֒→ Λ − such that the orthogonal complement of T in Λ − contains no vector of square −2.
We restate Keum's theorem in an explicit way. Our main result is the following theorem, where E † is an overlattice of E 8 (−2) of index 2. Theorem 1.2 (see §3.5) . If X is a K3 surface with transcendental lattice T of rank λ, then X covers an Enriques surface if and only if T is not isomorphic to one of the 550 exceptional lattices listed in Table 4 such that a ij is even for each 2 ≤ i ≤ j ≤ λ, (ii) λ = 7 and there exists an even lattice T ′ with T ∼ = U ⊕ T ′ (2), (iii) λ = 7 and there exists a lattice T ′ with T ∼ = U (2) ⊕ T ′ (2), (iv) λ = 8 and there exists an even lattice T ′ with T ∼ = U ⊕ U (2) ⊕ T ′ (2), (v) λ = 8 and there exists a lattice T ′ with T ∼ = U (2) ⊕2 ⊕ T ′ (2), (vi) λ = 9 and there exists an even lattice T ′ with U (2) ⊕ T ∼ = E † ⊕ T ′ (2) . The case λ = 12 is trivial in view of Keum's criterion. The cases λ = 2 and λ = 11 are already proved by Sertöz [17] and Ohashi [14] , respectively. Partial attempts had been made for λ = 3 by Lee [7] and for λ = 4 by Yörük [22] . Remark 1.3. For a K3 surface, the condition of covering an Enriques surface shares a lot of similarities with the condition of being a Kummer surface.
Indeed, Nikulin [12] showed that a K3 surface X of transcendental lattice T is a Kummer surface if and only if there exists a primitive embedding T ֒→ U (2) ⊕3 . Theorem 1.2 is analogous to Morrison's characterization of transcendental lattices of algebraic Kummer surfaces (Corollary 4.4 in [10] ).
Conditions (i)-(xii) characterize even lattices T of signature (2, λ − 2) which admit a primitive embedding T ֒→ Λ − . We say that such a lattice is exceptional if the orthogonal complement of T in Λ − contains a vector of square −2 for each primitive embedding T ֒→ Λ − . Table 4 contains the finite list of all exceptional lattices (see Theorem 3.11) .
It turns out that the orthogonal complement in Λ − of an exceptional lattice is always of the form L(−2), where L is a positive definite (odd) lattice of rank r = 12 − λ which contains a vector of square 1. Moreover, the genus of L is completely determined by the exceptional lattice. Thus, in order to compile Table 4 we are naturally led to solve the following purely lattice-theoretical problem: finding all genera g of positive definite lattices such that each lattice in g represents 1.
Theorem 1.4 (see §2.5). For each r ∈ N, there exist exactly N r genera g of positive definite lattices of rank r such that each lattice in g represents 1, with N r given in Table 1 for r ≤ 13 and N r = 0 otherwise.
The list of all 577 positive definite genera representing 1 can be found in the ancillary file on arXiv. 1.2. Contents of the paper. The paper is structured as follows.
In §2 we fix the notation and introduce some definitions before recalling the Smith-Minkowski-Siegel mass formula, and then we outline our strategy for classifying genera of positive definite lattices representing 1.
In §3, after recalling some results by Nikulin on the discriminant form of integral lattices, we first determine which transcendental lattices embed into Λ − and then we list all exceptional lattices.
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Genera representing 1
A lattice of rank r is a finitely generated free Z-module L ∼ = Z r endowed with a nondegenerate symmetric bilinear pairing L × L → Z. A morphism L → L ′ of Z-modules is an isomorphism of lattices if is an isomorphism of Z-modules respecting the bilinear pairings. If it exists, we write L ∼ = L ′ . We denote the group of automorphisms of L by Aut(L). In this paper, a lattice L is always to be considered up to isomorphism and denoted by any of its Gram matrices, using the following shorthand notation:
[a 11 , a 12 , a 22 , . . . , a 1n , . . . , a rr ] :=
The determinant of L is the determinant of any such matrix. We write L(n) for the lattice with the pairing defined by the composition L × L → Z n − → Z. As usual, the (positive definite) ADE lattices are denoted A n , D n , E n and the hyperbolic plane is denoted U .
A genus is a complete set of isomorphism classes of lattices which are equivalent over R and Z p for each prime p to a given lattice. Each genus is a finite set. Given a property P of lattices which does not depend on the representative in the isomorphism class, we say that a genus g has the property P if every lattice in g has the property P . In particular, we say that a genus g represents 1 if every lattice in g represents 1.
In this section we classify all positive definite genera which represent 1. 2.1. The Smith-Minkowski-Siegel mass formula. This section introduces some ad hoc notation. We assume that the reader is familiar with Conway-Sloane's paper [2] , to which we refer for further details. The usual gamma function (resp. Riemann zeta function) is denoted by Γ (resp. ζ). The mass of a genus g is defined as
where the sum runs over a complete set of representatives of the elements in g. The following formula, known as the Smith-Minkowski-Siegel mass formula, relates the mass of g to its p-masses m p (g)
The importance of this formula lies in the fact that the p-mass m p (g) can actually be computed from any lattice L ∈ g, without knowing the other elements of g. Note that it is customary to write m(L), m p (L) and so on, but we preferred to stress the dependence on the genus and not on the chosen representative.
We recall briefly how to define m p (g). The lattice L admits a Jordan decomposition over the p-adic integers
Since the pairing of L takes values in Z, each Jordan constituent J i p (L) with i < 0 is a form of dimension 0. Nonetheless, the Jordan constituent J −1 2 (L) has to be taken into account in order to compute the mass of L. We write J i p (g) for the ith p-adic Jordan constituent of any L ∈ g. Note that
where ν p denotes the p-adic valuation. For a genus g of rank n = 2s or 2s−1, we write ε p (g) = 0 if p|2d, otherwise ε p (g) = (D/p) with D = (−1) s d and (D/p) the Legendre symbol. For later use we put
The p-mass of g is defined by the formula
where type p (g) = 1 if p = 2 and the other factors appearing are denoted as follows:
(cross product), type 2 (g) = 2 n I,I (g)−n II (g) (type factor).
Here, n II (g) is the sum of the dimensions of all Jordan constituents that have type II, n I,I is the total number of pairs of adjacent constituents J i 2 (g), J i+1 2 (g) that are both of type I, and M i p (g) is the diagonal factor associated to J i p (g). How to compute the diagonal factor is explained in §5 of [2] .
2.2. Twigs, slender genera and candidate sets. If L ′ , L ′′ are two lattices which belong to the same genus g, then also [1] ⊕ L ′ and [1] ⊕ L ′′ belong to the same genus, denoted by 1 ⊕ g. We say that g is a twig of a genus f if f = 1 ⊕ g.
Lemma 2.2 (see Lemma 3 in [2]
). A genus f can have at most two twigs. If f has two twigs, then one of them is odd and the other one is even.
We say that a genus g is slender if
We say that the set T of twigs of a genus f of rank r is a candidate set for rank r if 2 m(f) ≤ g∈T m(g).
The main observation in order to classify genera representing 1 is the following proposition.
Proposition 2.3. The set of twigs of a genus representing 1 is a candidate set. In particular, any genus representing 1 has at least one slender twig.
Proof. Let f be a genus representing 1 and let T be the set of twigs of f.
Any lattice in f is of the form [1] ⊕ L with L ∈ g, g ∈ T . If L and L ′ are not isomorphic, then [1] ⊕ L and [1] ⊕ L ′ are also not isomorphic, by the uniqueness of the decomposition of positive definite lattices into irreducible lattices (Satz 27.2 in [6] ).
so T is a candidate set. As T has at most 2 elements, the genus g ∈ T with maximal mass must be slender. Thus, we are led to compare the masses of g and 1 ⊕ g. The aim is to find an upper bound for the determinant of a slender genus.
To begin with, we observe that the Jordan constituents behave in the following way:
We proceed by comparing the single factors that appear in the mass formula.
Lemma 2.5. If s > 1, then
Proof. We have (see Lemma 5.1 in [8] )
On the other hand,
Proposition 2.6. If g is a genus of determinant d and rank n = 2s or n = 2s − 1, with s > 1, then
Proof. If p ∤ 2d, then the Jordan decomposition of any L ∈ g is concentrated in degree 0. This means that
.
If g is of rank n = 2s − 1, then by (6) in [2] the fraction (6) is equal to
Whereas if g is of rank n = 2s, then (6) equals
In both cases
We introduce the following function
Proposition 2.7. If g is a genus of rank n and determinant d, then
. (2), and since the contribution of J i 0 (g) does not vary when passing to 1 ⊕ g for i ≥ 1, we have
we must take into account their contributions. Arguing as above,
Proof. From (2) and (4) it follows that
The result is obtained by multiplying over all primes.
Proposition 2.10. Let g be a genus of determinant d. If g is odd, then
If g is even, then
Proof. If g is odd, then J 0 2 (g) is of type I. In this case, both n I,I and n II do not vary when passing to 1 ⊕ g. On the other hand, if g is even, then J 0 2 (g) is even, so n I,I (1 ⊕ g) ≥ n I,I (g) and n II (1 ⊕ g) = n II (g) − dim J 0 2 (g). We conclude observing that dim J 0 2 (g) ≥ max(0, n − ν 2 (d)) by (2).
Theorem 2.11. Let g be a genus of determinant d and rank n = 2s or n = 2s − 1, with s > 1. Put
If g is odd, then
Proof. We compute m(1 ⊕ g) and m(g) using the mass formula (1) and the definition of p-mass (3). The statement follows by comparing terms using Lemma 2.5, Proposition 2.6, Proposition 2.7, Proposition 2.8, Proposition 2.9 and Proposition 2.10.
2.4.
Strategy. Fix r ≥ 4 and let f be a genus representing 1 of rank r and determinant d. Then, by Proposition 2.3, f has at least one slender twig g of rank n = r − 1. Since d is also the determinant of g, d belongs to one of the following sets, depending on the parity of g:
whenever d ′ is a multiple of d. In order to determine the set D I n , we set D 0 = {1} and compute inductively
The set D II n can be computed analogously, by first fixing ν 2 (d).
Thus, in order to determine all genera of rank r representing 1 we can proceed as follows.
( (v) For each candidate set, determine it it is the set of twigs of a genus representing 1.
Step (iii) can be carried out using the sageMath [18] function genera found in sage.quadratic_forms.genera.genus and implemented by the first author.
Step (iv) involves only computations of the mass and is not difficult for a computer to carry out. We used the code in sageMath written by John Hanke for this purpose [4] .
Step (v) involves computing all representatives of a genus (eventually stopping whenever a representative which does not represent 1 is found). It is the most time-consuming step. For this purpose, we used Kneser's neighbour method (see §28 in [6] and [16] for algorithmic considerations). The most important subtasks are isometry testing and the computation of the orthogonal groups. We used the algorithm of [15] shipped with PARI [19].
2.5.
List of genera representing 1. The list of all known positive definite genera representing 1 can be found as ancillary file on arXiv. It is complete for ranks r = 2, 3 and it is complete for all ranks if the initial conjecture (*) holds. Trivially, there is only one such genus of rank 1, namely g = {[1]}.
Let g be a genus of positive definite lattices of rank 2 and determinant d. If g only contains elements of the form
is unique in its genus. The list of positive definite lattices of rank 2 which are unique in their genus can be found on Nebe-Sloane's Catalogue of Lattices [11] . According to Lorch-Kirschmer [8] and Voight [20] , the lattice [1] ⊕ [d] is unique in its genus only for 65 values for d (the maximal one being d = 1848) and possibly one more (which is excluded under the assumption of a suitable generalized Riemann hypothesis).
For rank 3, the bound of Lemma 2.5 becomes trivial, so we lack an upper bound on the determinant of genera representing 1. The set {ζ −d (1)} d∈N is indeed not bounded (Louboutin, private communication). We carried out Steps (iii)-(v) for d ≥ 1. The maximum d for which a genus representing 1 has been found is d = 1200. Computations break at d ∼ 20 000.
For rank ≥ 4 the list was compiled following the strategy outlined in §2.4. All computations were carried out using sageMath [18] or Magma [1].
K3 surfaces covering an Enriques surface
In this section we prove the main theorem of this paper, namely Theorem 1.2 ( §3.5). We first review some elementary properties of finite quadratic forms ( §3.1) and Nikulin's theory of discriminant forms ( §3.2). Then we determine the discriminant form of lattices of signature (2, λ − 2) embedding in Λ − ( §3.3) and which of them are exceptional lattices ( §3.4).
3.1.
Finite quadratic forms. The bilinear form associated to a finite quadratic form q : A → Q/2Z is given by
We say that the torsion quadratic form q is nondegenerate if the homomorphism of groups A → Hom(A, Q/Z) given by α → (β → q ♭ (α, β)) is an isomorphism. If H ⊂ A is a subgroup, then q|H denotes the restriction of q to H.
We adopt Miranda-Morrison's notation [9] for the elementary finite quadratic forms u k , v k and w ε p,k . Moreover, the degenerate quadratic form q : A → Z/2Z with A ∼ = Z/2Z taking the values 0 mod 2Z (resp. 1 mod 2Z) on the non-trivial element is denoted by 0 (resp. 1 ). If A is 2-elementary, then the short exact sequence 0 → q ⊥ → q → q/q ⊥ → 0 splits. Hence, q can be written as the direct sum of copies of u 1 , v 1 , w 1 2,1 , w 3 2,1 , 0 , 1 . A (possibly degenerate) finite quadratic form q is odd if q ∼ = w ε 2,1 ⊕ q ′ for some ε and some finite quadratic form q ′ , otherwise q is even.
From now on, unless explicitly stated, we assume a quadratic form to be nondegenerate.
The signature of a finite quadratic form q is defined as
Explicit formulas for the signature of elementary quadratic forms were found by Wall [21] (and are also reproduced in [13] , Proposition 1.11.2). Given a prime number p, q p denotes the p-torsion part of q. We put ℓ p (q) = ℓ(q p ), where ℓ denotes the length of a finite abelian group. Proof. This can be checked for all u k , v k , w ε p,k . The claim follows by linearity, as each finite quadratic form is isomorphic to the direct sum of elementary forms [3] . Proof. Let G be the underlying group of q. The subgroup H = {α ∈ G : 2α = 0} is 2-elementary of length ℓ 2 (q). The (possibly degenerate) quadratic form q|H is even if and only q is.
Write q|H as the direct sum of copies of u 1 , v 1 , w 1 2,1 , w 3 2,1 , 0 , 1 . By Proposition 1.8.2 in [13] , we can suppose that there are at most two copies of w ε 2,1 . But w 1 2,1 ⊕w 1 2,1 and w 3 2,1 ⊕w 3 2,1 contain a copy of 1 , while w 1 2,1 ⊕w 3
contains a copy of 0 , so we conclude. 
3.2.
Nikulin's theory of discriminant forms. If L is an even lattice, q(L) denotes its discriminant form.
Theorem 3.4 (Nikulin [13] ). For each finite quadratic form q and prime number p there exists a unique p-adic lattice K p (q) of rank ℓ p (q) whose discriminant form is isomorphic to q p , except in the case when p = 2 and q is odd.
For s, s ′ , s ′′ ∈ Z, a finite quadratic form q is said to satisfy condition A(s) if sign q ≡ s mod 8.
We say that q satisfies condition B(s ′ , s ′′ ) if for all primes p = 2, ℓ p (q) ≤ s ′ + s ′′ , and if ℓ p (q) = s ′ + s ′′ then |q| ≡ (−1) s ′′ discr K p (q) mod (Z × p ) 2 . Finally, we say that q satisfies condition C(s) if ℓ 2 (q) ≤ s, and if ℓ 2 (q) = s and q is even then |q| ≡ ± discr K 2 (q) mod (Z × 2 ) 2 . Theorem 3.5 (Nikulin's Existence Theorem [13] ). An even lattice of signature (t + , t − ), t + , t − ∈ Z ≥0 , and discriminant quadratic form q exists if and only if q satisfies conditions A(t + − t − ), B(t + , t − ) and C(t + + t − ).
Theorem 3.6 (Nikulin [13] ). If T is an even, indefinite lattice satisfying the following conditions:
(a) rank T ≥ ℓ(q(T )) + 2 for all p = 2, The following proposition is a simplified version of Nikulin's proposition in the case that the genus g contains only one class. Proposition 3.7. Let T be an even lattice of signature (t + , t − ) and Λ be an even lattice of signature (m + , m − ) which is unique in its genus. Then, for each lattice S, there exists a primitive embedding T ֒→ Λ with T ⊥ ∼ = S if and only if sign S = (m + − t + , m − − t − ) and there exist subgroups H ⊂ q(Λ) and K ⊂ q(T ), and an isomorphism of quadratic forms γ : q(Λ)|H → q(T )|K, whose graph we denote by Γ, such that
. We have sign Λ − = (2, 10) and q(Λ − ) ∼ = u ⊕5 1 . In this section the possible discriminant forms of even lattices of signature (2, λ − 2) which embed primitively into Λ − are determined. Necessarily, 2 ≤ λ ≤ 12. Note that for two torsion quadratic forms q, q ′ we have q ∼ = q ′ if and only if u 1 ⊕ q ∼ = u 1 ⊕ q ′ (see [6] , Kapitel I, Satz (4.3)). 
In particular,
Proof. Recall that f ♭ and g ♭ denote the bilinear forms induced by the quadratic forms f and g, respectively. Let C = ker(f ♭ |H). The exact sequence
(induced by f ♭ ) splits, because F is 2-elementary by assumption. is 2elementary. Let s : Hom(K, Q/Z) → F be a section and C ∨ s its image. Then, since C is a totally isotropic subspace with respect to f ♭ , we infer that f ♭ |(C ⊕ C ∨ s ) ∼ = (u ♭ 1 ) ⊕ℓ , with ℓ = ℓ 2 (C). By modifying the section s, we may assume that f ♭ |C ∨ s = 0. Consider the subgroups
We claim that we can choose the section s in such a way, that the quadratic forms coincide. Indeed, if f |C ∨ s = 0, then (7) also holds at the level of quadratic forms, so we can replace f ♭ , g ♭ by f, g, respectively, and we are done (note that d ⊕2 ∼ = u ⊕ℓ 2 (H)−ℓ 1
). If C ⊕ C ∨ s = F , then, since f ∼ = u ⊕n 1 , s can be modified so that f |C ∨ s = 0. Otherwise, as f |(C ⊕ C ∨ s ) ⊥ is then even, nondegenerate and nonzero, there
. . , δ ℓ be a basis of Hom(C, Q/Z), so that C ∨ s = s(δ 1 ), . . . , s(δ ℓ ) . Define s ′ by s ′ (δ i ) = s(δ i ) if x(s(δ i )) = 0 and s ′ (δ i ) = s(δ i ) + α else. By replacing s with s ′ we are again in the situation where x|C ∨ s = 0 and we conclude. Proposition 3.9. An even lattice T of signature (2, λ − 2) embeds primitively into Λ − if and only if q(T ) is of the form given in Table 3 for some nondegenerate finite quadratic form q satisfying the given conditions. In that case, q(T ⊥ ) is isomorphic to the form given in the corresponding column of the table.
Proof. If λ = 12, then rank T = rank Λ − , so the claim is trivial. For the rest of the proof we will suppose that 2 ≤ λ ≤ 11.
Assume first that T embeds in Λ − and let H ⊂ q(T ) be the subset given by Proposition 3.7. By the last equation in Lemma 3.8 we see that ℓ 2 (q(T )) + 10 = ℓ 2 (q(T ⊥ )) + 2ℓ 2 (H).
Using ℓ 2 (q(T ⊥ )) ≤ rank(T ⊥ ) = 12 − λ and ℓ 2 (H) ≤ ℓ 2 (q(T )), we see that
By Lemma 3.1, ℓ 2 (q(T )) can only assume two values, namely λ − 2 or λ .
We also infer that if ℓ 2 (q(T )) = λ − 2, then ℓ 2 (q(H)) = λ − 2, whereas if ℓ 2 (q(T )) = λ, then either ℓ 2 (H) = λ − 1 or ℓ 2 (H) = λ (if λ = 11 only ℓ 2 (H) = λ − 1 is possible, as ℓ 2 (H) ≤ ℓ 2 (q(Λ − )) = 10). Moreover, by Lemma 3.2, q must be even whenever ℓ 2 (H) = ℓ 2 (q(T )).
Summarizing, for each λ ∈ {2, . . . , 11} we have three cases, described in Table 2 , except for λ = 11 where the last case does not occur. Table 2 ℓ 2 (q(T )) ℓ 2 (H) ℓ 2 (q(T ⊥ )) parity of q(T ) λ − 2 λ − 2 12 − λ even λ λ − 1 12 − λ even or odd λ λ 10 − λ even Let m = max{0, ℓ 2 (H) − 5}. Lemma 3.3 ensures the existence of a subgroup of H (hence of q(T )) isometric to u ⊕m 1 ; therefore, q(T ) ∼ = u ⊕m 1 ⊕q. The form of q(T ⊥ ) is then given by Lemma 3.8 and we can apply Theorem 3.5 to find all necessary conditions on q. We only write those that are also sufficient: for instance, condition A(12 − λ) for q(T ⊥ ) is always equivalent to A(λ) for q(T ); if 2 ≤ λ ≤ 6, condition B(2, λ − 2) for q(T ) automatically implies B(0, 12 − λ) for q(T ⊥ ).
Conversely, if T is given as in one of the rows of Table 3 , then the conditions on q, together with Proposition 3.7 and Lemma 3.2, ensure the existence of a primitive embedding T ֒→ Λ − with q(T ⊥ ) of the given form. Table 3 . Discriminant forms of even lattices T of signature (2, λ − 2) embedding primitively into Λ − (see Proposition 3.9).
Exceptional lattices.
Recall that we defined an (even) lattice T of signature (2, λ − 2) to be exceptional if the following holds: T embeds primitively into Λ − and, for every primitive embedding T ֒→ Λ − , T ⊥ contains a vector of square −2.
Here we list all exceptional lattices. We start with an elementary, but useful lemma, of which we omit the proof. Table 1 if 2 ≤ λ ≤ 11 and M λ = 0 otherwise. All 550 exceptional lattices are listed in Table 4 .
Proof. Consider a primitive embedding T ֒→ Λ − of an exceptional lattice T of rank λ ∈ {2, . . . 11} and let H ⊂ q(T ) be the subset given by Proposition 3.7. The orthogonal complement T ⊥ has rank 12 − λ.
We claim that we are in the second case of Table 2 . Indeed, by inspection of Table 3 , one sees that q(T ) is even if and only if q(T ⊥ ) is even. In the first case of Table 2 , ℓ 2 (q(T ⊥ )) = rank(q(T ⊥ )) and q(T ) is even, so T ⊥ ∼ = T ′ (2) for some even lattice T ′ , by Lemma 3.10. Thus, T ⊥ does not contain a vector of square −2 and T cannot be exceptional. If an embedding as in the third case of Table 2 exists, then an embedding as in the second case exists: it suffices to choose a smaller H. Moreover, in the third case q(T ) is even, so we can argue as before and T cannot not exceptional.
In the second case of Table 2 we have ℓ 2 (q(T ⊥ )) = rank(q(T ⊥ )). By Lemma 3.10, T ⊥ = L(−2), where L is a positive definite lattice of rank 12 − λ. Since T is exceptional, L represents 1.
The discriminant form of T ⊥ is determined by the discriminant form of T according to Table 3 . Recall that the genus of a lattice is determined by its signature, parity and bilinear form (Corollary 1.16.3 in [13] ). Hence, each lattice L such that T ⊥ ∼ = L(−2) belongs to the same genus g. Since T is an exceptional lattice, g represents 1.
Thanks to Theorem 1.4, one can then proceed in the the following way.
(i) For each g of rank r = 12 − λ in the list we pick any L ∈ g and compute x = q(L(−2)). (ii) If x is one of the suitable forms q(T ⊥ ) in Table 3 , then we compute the corresponding y = q(T ). (iii) We add all lattices T of signature (2, λ − 2) and discriminant form y to Table 4 . In this way we enumerate all exceptional lattices.
The following turns out to be true. Remark 3.13. If the initial conjecture (*) were false, then Table 4 would contain more entries for rank λ = 10 (at most one more, and only if the Generalized Riemann Hypothesis does not hold) and λ = 9 (cf §2.5).
3.5.
Proof of Theorem 1.2. Let X be a K3 surface with transcendental lattice T of rank λ. By Keum's criterion (Theorem 1.1), if T is not an exceptional lattice, then X covers an Enriques surface if and only if there exists a primitive embedding T ֒→ Λ − . By Theorem 3.11, Theorem 1.2 follows once we prove that the conditions given by Proposition 3.9 are equivalent to conditions (i)-(xii). Therefore, we need to analyze all cases of Table 3 . Let us first consider the case 2 ≤ λ ≤ 6. We want to prove that (i) holds if and only if one of the following holds (a) ℓ 2 (q(T )) = λ − 2, q(T ) is even and satisfies condition C(λ − 2); (b) ℓ 2 (q(T )) = λ (for each λ, this accounts for two cases in Table 3) . Let e 1 , . . . , e λ be a system of generators of T . Suppose first that the corresponding Gram matrix satisfies (i).
If a 1j is even for 2 ≤ j ≤ λ, then ℓ 2 (q(T )) = rank T = λ by Lemma 3.10, i.e. (b) holds.
If this is not true, we can suppose a 12 to be odd and a 1j to be even for 3 ≤ j ≤ λ, up to relabelling and substituting e j with e j + e 2 . Let T ′ be the sublattice generated by e ′ 1 = 2e 1 , e 2 , . . . , e λ . Then q(T ′ ) ∼ = u 1 ⊕ q(T ), where the copy of u 1 is generated by e ′ 1 /2 and e 2 /2. Since T ′ ∼ = T ′′ (2) with T ′′ even, q(T ′ ) is even and ℓ 2 (q(T ′ )) = λ, by Lemma 3.10. Moreover, q(T ′ ) satisfies condition C(λ) by Theorem 3.5. This implies (a).
Conversely, if (b) holds, then Lemma 3.10 implies that T ∼ = T ′ (2) for some lattice T ′ . If T ′ is even, then (i) holds. If T ′ is odd, then up to relabelling we can suppose that e 2 1 ≡ 2 mod 4. Then, up to substituting e j with e j + e 1 , we can suppose that e 2 j ≡ 0 mod 4. Hence, (i) holds. Finally, suppose that (a) holds. Since T exists, q satisfies also A(4 − λ) and condition B(2, λ − 2). Therefore, u 1 ⊕ q satisfies conditions A(4 − λ), B(2, λ − 2) and C(λ), so the genus g of even lattices of signature (2, λ − 2) and discriminant form u 1 ⊕ q is nonempty. All lattices T ′ in g are of the form T ′ ∼ = T ′′ (2) for some even lattice T ′′ . By Proposition 1.4.1 in [13] , T must be an overlattice of such a lattice T ′ . The fact that det T ′ = 4 det T implies T ′ has index 2 in T . Therefore we can find a basis e 1 , . . . e λ with e 1 / ∈ T ′ and e j ∈ T ′ for j = 2, . . . , λ. Then, the corresponding Gram matrix satisfies (i).
We now turn to λ ≥ 7. The arguments for λ ∈ {7, . . . , 11} are very similar, so we illustrate here only the case λ = 10.
Suppose that λ = 10 and q(T ) ∼ = u ⊕3 1 ⊕ q, with ℓ 2 (q) = 2, q even and satisfying conditions B(2, 0), C(2). Since T exists, q satisfies also A(2), by Theorem 3.5. Hence, using Theorem 3.5 again and Lemma 3.10, we infer that there exists an even lattice T ′ of signature (2, 0) such that T ′ (2) has discriminant form q. Since T is unique in its genus (Theorem 3.6), T ∼ = E † ⊕ T ′ (2), so (viii) holds.
Suppose that λ = 10 and q(T ) ∼ = u ⊕4 1 ⊕ q, with ℓ 2 (q) = 2, and q satisfying condition B(2, 0) (this accounts for the case u ⊕5 1 ⊕ q in Table 3 as well). Since T exists, q satisfies also A(2) and C(2). Hence, there exists a lattice T ′ of signature (2, 0) such that T ′ (2) has discriminant form q. Again by uniqueness,
Conversely, if (viii) holds, then q(T ) ∼ = u ⊕3 1 ⊕ q, with q = q(T ′ ) being an even finite quadratic form satisfying conditions A(2), B(2, 0) and C(2) by Theorem 3.5. Hence, by Proposition 2.3 there exists a primitive embedding T ֒→ Λ − . An analogous argument works for (ix). 
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